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only access to many of the classical writings through contact with the Moslem world). The sources most influential for al-Haytham included those of Aristotle; the entire mathematical achievement of the Greeks, especially Euclid, Archimedes and Apollonius; and the writings of Ptolemy of Alexandria on astronomy and optics.
His greatest work is the Kitab al-Manazir or Treasury of Optics. Here we have the first modem description of physical light rays and their reception by the eye. This replaced a confusion of ideas which, in the later Greek period, had included the theory of 'visual rays' which leave the eye and sense luminous objects within the field of vision. AlHaytham dismissed as preposterous the notion that rays extend outward from our eyes to the moon (for example). Instead, he said, luminous bodies emit light rays both directly into our eyes, and also onto secondary bodies which are illuminated themselves in various degrees, and whose light we receive in similar manner. In this way he accounted for the light of the moon.
He conducted a series of experiments on the rectilinear properties of light using a dark room with slits in an intermediate wall; demonstrated the laws of reflection of light by an accurate experimental method; and then built apparatus to investigate similar laws for refraction of light. He both believed in the importance of accurate experimentation and was a master of it. Though the conclusions from his experiments on refraction are not in error (within the ranges of his observations), he failed to discover the law which Descartes and Snell found 600 years later; nevertheless, his reasoning was similar to theirs, depending as it did on a parallelogram of velocities.
But how is the image of an object formed in our mind? From knowledge of the eye's interior he developed a theory of vision in which rays from an object enter the eye and are refracted through the crystalline humour (lens), to a point. According to al-Haytham, the crystalline humour is the organ which is sensitive to light rays and the information it acquires is transmitted to the brain via the optic nerve. Thus al-Haytham did not come to recognize (as Kepler did) the eye as a camera obscura in which rays pass through the lens to form an inverted image of the object on the sensitive retina, though he identified many of the key principles of vision and conducted experiments on the operation of the eye. For an ellipse, rays which leave one focus are brought together at the other focus after one reflection (figure 3); in the case of a hyperbola, the reflected rays appear to have come from the other focus. The sum of the focal distances IPS1I + IPS21 is constant for the ellipse, and the difference of the focal distances is constant for the hyperbola.
Simple symmetrical problems on the reflection of light from a circular mirror were studied by Ptolemy, but it was al-Haytham who, in Book V of the Kitab, solved the general optical problem which bears his name:
An object and an observer are at given positions in a plane; how do we locate the point or points on a circular mirror at which a ray is reflected from the object to the observer? For his construction he used Apollonian methods of conic sections. He also solved the general three-dimensional problem for a cylindrical mirror, and the similar problem for a cone.
The problem began to interest mathematicians in the seventeenth century because it was amenable to the analytical methods which Descartes had introduced into geometry. Al-Haytham's solution is extremely long and complicated; the difficult Latin translation of the proof may never have been properly understood by these authors, although its form could have influenced them. The most important work on the problem after al-Haytham's is contained in the correspondence which Huygens and Sluse addressed to Oldenberg, secretary of the Royal Society, between 1669 and 1674. An infinite family of hyperbolae, parabolae and ellipses intersect the circle in the required points, and Huygens and Sluse competed with each other to find the most pleasing construction. Sluse's method uses a parabola, but no better solution has ever been found than the construction with a rectangular hyperbola which Huygens gave in 1672. We now obtain both of their solutions by complex numbers.
Analytical solution of Alhazen's Problem
In figure 4 a circle has centre 0 and any radius, and a ray passes from A to B after reflection at P. We represent A, B and P by the complex numbers a, b and z. 
Optical problems in general
During the same period as Huygens' and Sluse's work, James Gregory attempted an analytical solution of Alhazen's Problem but without the same success. However, in Proposition 34 of his Optica Promota of 1663 he states that if a ray is reflected from A to B at a surface, reflection occurs at a point where the surface touches an ellipsoid which has its foci at A and B. This is, of course, an application of the reflection property of the ellipse. In Alhazen's Problem there are up to four real confocal conics which touch the circle, and they may be ellipses or hyperbolae; the hyperbole defmine backward reflections.
A smooth surface can be approximated near any point by the tangent plane there; since IAPI + IPBI is a minimum for reflection in a plane it follows that at a proper reflection point on any smooth surface the total distance is stationary. The curvature of the surface can change the minimum character, but the total distance remains 'nearly constant' for small deviations away from the reflection point. Similarly, for backward reflection from a plane the difference I PA I -I PB I is a maximum, and for reflection from a general surface the difference is therefore stationary. Heron's observation that the reflected ray takes the shortest distance was elevated by Fermat to a general optical principle of least time, from which he derived the law of refraction. If a light ray passes from a point A in one medium to a point B in a different medium and the separating surface is smooth, the minimum time is achieved when the ray is refracted at the surface in such a way that the incident and refracted rays and the normal are coplanar, and the sines of the angles of incidence and refraction are proportional to the speeds of light in the two media. This is often presented as a calculus exercise in the form A life-guard is standing well back on the beach and along the coast sights a child in trouble in the sea. If he runs and swims at given rates, where should he enter the sea to reach the child as quickly as possible?
The problem can in fact be solved without calculus by 'Ptolemy's inequality', as shown in [6] and [8] .
THE MATHEMATICAL GAZEIT E
In general Fermat's principle only demands a stationary value of the time; nevertheless, any two points sufficiently close on a path do satisfy the minimum condition. The idea generalizes to the 'principle of least action', which is an astonishingly economical way to formulate all fundamental physical laws [4] . It is satisfying that classical mechanics and the classical limit of wave mechanics can both be interpreted in terms of a ray or wave passing through a refracting medium of nonuniform density.
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The article by A.l. Sabra in [9] has an account of al-Haytham's achievements in science and mathematics, with a complete bibliography of his writings; the same author's book [10] describes the quest for the law of refraction and al-Haytham's part in this. His experimental technique is described in fascinating detail in Omar's book [7] on the Kitab.
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